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PREFACE

This Memorandum summarizes the result of a literature survey deal-
ing with the problem of orbital rendezvous, which was made as part of
Project RAND continuing studies of orbital and flight mechanics. Papers
which appeared in the open literature prior to mid-1962 were scanned.
Of these, a small but fairly representative fraction were singled out
for inclusion here. The material presented here in condensed form
should be of interest to Air Force personnel concerned with space mis-

sions involving orbital transfer and rendezvous.



SUMMARY

This Memorandum summarizes some aspects of the problem of orbital
rendezvous that have emerged from a survey of the open literature. The
papers studied are discussed briefly, and some of the interesting re-
sults and data are compared.

Most of the papers can be grouped into either of two classes:

The first class tackles the problem from the point of view of impul-
sive Keplerian orbital transfers; the second class analyzes the termi-
nal portion of the rendezvous maneuver, or more specifically, the se-
lection of thrusting and guidance laws required to insure a soft con-
tact between the maneuverable interceptor and the target satellite.

The survey pointed out the need for a more general parametric
study of the terminal phase of orbital rendezvous; in particular, op-

timal guidance laws.
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I, INTRODUCTION

In the last few years a profusion of papers dealing with specific
aspects of the problem of satellite orbital rendezvous have appeared
in the literature. Most of the papers can be grouped quite generally
into two separate though overlapping classes, depending on the portion
of the intercept path with which the paper is primarily concerned.

One class of papers tackles the problem essentially from the point
of view of impulsive Keplerian orbital transfers; this class is con-~
cerned with the influence of launch-point location, destination-orbit
geometry, satellite position in orbit, etc., on the impulsive-velocity
requirements of the ascent trajectory.

The papers in the second class are somewhat more anmalytical in
nature and are devoted to an analysis of the terminal portion of the
rendezvous maneuver, or more specifically, the selection of thrusting
and guidance laws required to insure a soft contact between the ma-
neuverable interceptor and the target satellite. Within each class of
papers a great number of different basic assumptions for the computation
of arbitrarily selected numerical cases have been made. A host of new
techniques have been generated, or modifications of a detailed nature
have been introduced into the existing methods of solution. As a re-
sult, it becomes extremely difficult to assess the relative merits of
the various approaches and to compare the data generated on a common
basis.

This study will attempt to indicate briefly some of the more im-
portant avenues of approach followed by previous investigators and to
present some of the results and conclusions which have emerged from a
survey of a fairly representative cross section of papers published
in the open literature. On the basis of the foregoing it should then
become possible to decide what, if any, additional work might be re-
quired in this area in order to round out the picture and increase our

understanding of the problem.

N
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II. BREAKDOWN OF RENDEZVOUS PROBLEM

For convenience the rendezvous problem is usually broken down into
a number of separate but interrelated components which can be treated
either simultaneously or separately and pieced together at the end, de-
pending on the generality or accuracy of the results desired.

Starting out with the terminal conditions, we have a satellite
moving in an orbit of known geometry and orientatioen in space; the ac-
tual position of that satellite in its orbit is predictable at any in-
stant of time within some degree of accuracy. Soft contact with that
satellite of an interceptor launched from a predetermined site is de-
sired. This contact is possitly subject to some additional constraints,
such as time or place of rendezvous, or maximum thrust available, which
might have to be imposed.

The ascent trajectory of the interceptor is assumed to centain
some or all of the following components:

1. Impulsive launch into a ballistic intercept trajectory, or
programmed powered ascent through the atmosphere and beyond
to a properly selected thrust-cutoff point.

2. Coast up to an intermediate parking orbit and injection into
it, or direct ascent to some suitable point in the neighbor-
hood of the destination orbit.

3. Initiation of a radar search pattern leading to the acquisi-~
tion of the target satellite, followed by a powered-flight
phase as commanded by the particular guidance law selected
to control the rendezvous mission.

The impulsive transfer presupposes perfect positien-matching at
destination and an impulsive cancellation of the relative closing ve-
locity. The finite-magnitude thrust program can consist of either in-
termittent periods of thrust separated by intervals of coasting or
continuous thrusting of constant or variable magnitude and/er orienta-
tien,

Phases 1 and 2 are generally investigated in a geocentric coordi-
nate system, while Phase 3 is usually analyzed in a target-centered

coordinate system that can be either rotating or inertially stabilized.

e



IiTI. SATFLLITE ORBITS

The target orbits employed most frequently in the analysis of
rendezvous maneuvers were circular orbits at an altitude of 300 mi.*
Whenever elliptical orbits were treated, no uniformity in the choice
of orbital parameters prevailed, different numerical values being cho-
sen by the different investigators. Both coplanar and out-of-plane
intercepts have received wide attention.

One class of satellite orbits of particular interest (if rendez-
vous with friendly satellites is contemplated) are the circular ren-
dezvous compatible orbits (RCO) first investigated by Swanson and

1,2) The altitudes and inclinations of RCO's have been cho-

Petersen.(
sen so that the ratio of the number of satellite revolutions N to the
synchronous number m of effective rotational periods of the earth (i.e.,
rotational periods measured relative to the satellite orbital plane,
which regresses because of the earth's oblateness) is an integer. For
m= 1, N will thus be the integral number of satellite revolutions
elapsed between two consecutive passes in the same direction over the
same fixed point on the earth. RCO's can be selected which allow two
rendezvous daily from a given launch base. Of special interest is the
AMR-launched RCO which has N/m = 15 and which crosses the launch base
again in the opposite direction slightly more than two orbital periods
later. This orbit has an inclination i = 31.03 deg to the equator and
is at an altitude h = 262.08 n mi. The above values have to be modi-
fied slightly if account is taken of the fact that an interceptor, also
launched from AMR, does not make rendezvous exactly overhead but slight-
ly downrange because of the ground range covered during ascent to orbi-
tal altitude. Perturbations, principally due to drag, would tend to
destroy this periodicity unless some corrective measures were taken.

The investigators have found that a thrusting program to counteract

the drag dissipation and maintain orbital stability is quite inexpen-
sive and can be accomplished by means of an intermittent limit-cycle

type of program. For a satellite with a weight~-to-area ratio W/A =

* . .
Statute miles unless otherwise specified.
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100 lb/ftz, a representative value for the characteristic velocity ex-
penditure VCH is around 32 ft/sec each year., Maximum displacements
from the nominal position in orbit encountered during the limit-cycle
motion and characteristic velocity requirements for other values of

3)

2, and 3. The regression rate of the line of nodes for various satel-

W/A were investigated in a Northrop study and are shown in Figs, 1,

lite orbital altitudes and inclinations is presented in Fig. 4.
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IV, BOOST PHASE

The impulsive-transfer trajectories and minimal velocity require-
ments for launching an interceptor into a noncoplanar circular satel-
lite orbit were investigated in a study by Carstems and Edelbaum.(4)
The geometry of the transfer is indicated in Fig. 5. The velocity re-
quirements (nondimensionalized with respect to circular velocity at
the launch radius rl) for optimal transfer trajectories from an ini-
tial radial distance r) toa final distance r, are shown in Fig. 6.
The angle P is used as a parameter (B = angle included between the
launch radius T and the plane of the destination orbit).

When a vehicle is launched into a circular orbit from a launch
point not contained in the orbital plane, the vehicle will arrive at
the orbital altitude with a velocity vector inclined to the destina-
tion plane. Since velocity-orientation corrections are rather expen-
sive, it has been frequently suggested that a transfer trajectory con-
tained in a plane having the least inclination i to the plane of the
destination orbit will tend to minimize the velocity penalties. A
transfer trajectory of the above kind will subtend a range (or trans-~
fer) angle of ¢ = 90 deg with the earth's center, as can be easily de-~
termined by referring to Fig. 5. Once a specific orbital plane and
launch site have been selected and oblateness effects neglected, then

¢min (i.e., B) remains a fixed quantity. From spherical trigonometry

sin = sin
sin X sin i
2
so that
P sin
sin 1 = Py
sin ¢
and i is approached as ¢ - T
min PP 2 °

While the above reasoning is valid as far as the terminal velo-

city increment is concerned, it turns out that the trajectories so gen-

)

erated are not optimal from an over=-all pcint of view. Figure 7
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shows the actual variation of ¢opt with B for various values of :2/'1-1.
The angle ¢opt denotes the range angle of the optimum transfer curves
(the least total VCH at both ends of the trajectory). It is apparent
that the optimum transfer trajectories, particularly those which occur
for low values of r2/r1, are not contained in transfer planes for which
i= imin’ except when the angle B approaches 90 deg. In most other
cases, range angles smaller than 90 deg are called for.

For impulsive Hohmann-type transfers between inclined circular
orbits, small velocity savings can be achieved if the transfer plane
is inclined with respect to the plane of the departure orbit by some

()
e

are shown in Figs. 8 and 9. It appears that the maximum velocity sav-

small angle i The results of some studies by Horner and Silber
ings which can be achieved by utilizing the intermediate transfer
plane are on the order of 3 per cent.

For ascent into an orbit of h > 150 mi, the booster burnout con-~
ditions denote the beginning of the coast phase.

These conditions vary over a relatively wide range of values, de-
pending on the type of mission, position of satellite in orbit, time
available to rendezvous, etc. For ascent into a 300-mi circular orbit,

for instance, the following set of values for the burnout conditions

seems to have been widely used and can be considered to be fairly repre-

sentative:

tbo 2= 275 sec (time of powered ascent)

Vio = 26,000 ft/sec (geocentric velocity of vehicle)

Ypo = 2.4 deg (inclination of velocity vector to local
horizontal)

hbo > 60 mi (altitude)

xbo 2= 530 mi (ground range covered during powered portion
of the ascent)
If the design burnout conditions have been exactly attained, the

coasting interceptor will approach the satellite in accordance with

S T . o STl T S Y. 370 P
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known laws of variation of range rate and close in just before inter-
cept with a nearly constant value of the final impact velocity. The
velocity and elevation-angle requirements at a burnout altitude h = 60
mi needed to intercept a satellite located in a 300-mi orbit with vari-
ous preselected closing speeds were computed by Eggleston and Beck.(G)
The results are shown in Figs. 10 and 11, While the figures themselves
are self-explanatory, a few interesting results concerning permissible
launch~delay times can be extracted from them, For a chosen value of
the relative closing velocity AVREL at impact, a value of Aes (Aes is
the central angle between satellite and interceptor at burnout and is
positive when satellite is ahead of interceptor), or the equivalent
ground range reAes, can be read off for each available burnout velo-
city Vso. Increasing Vbo increases Aes up to a maximm lead angle of
around 8 deg. Approximate delay times can be computed by dividing the
projected ground range by an average satellite ground speed of approxi-
mately 5 mi/sec. Thus, if a &Vp g, of 1000 ft/sec is specified, a maxi-
mum delay time of around 2 min can be tolerated. If negative values
of Ypo have to be excluded because of aerodynamic considerations, it
is seen that no intercept trajectories to a 300-mi station leading the
burnout point by more than 8 deg are possible, even if no limitations
exist on the magnitude of the burnout velocity. It is interesting to
note that in the majority of cases, the position of the station at
burnout is ahead of the interceptor.,

The investigators have also examined rendezvous requirements with
a satellite in an elliptical orbit having its apogee at 500 mi and per-

(6)

igee at 100 mi. These two altitudes were selected because they
yield an elliptical orbit with a semimajor axis equal to that of the
previeusly discussed 300-mi circular satellite orbit. The results are
presented in Figs, 12 and 13. The following conclusions can be drawn
from these curves:
1. Station position at burnout is now equally divided between
lead and lag.
2. Intercepts which occur when the station is at a true anomaly
angle of 90 deg provide less delay times than intercepts

which- occur at larger distances from perigee,

S
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3. Higher values of VBO) are now generally needed, and the velo-~
city requirements rise more sharply as one deviates from opti-
mm conditions..
In addition to the above specific conclusions, it fis necessary
to keep im mind that Iaunch delays tend to alter the propulsive bur-~
dens: imposed on the power plants at either one or the other terminal
of the coast phase. As a rule of thumb, later launches require higher
burnout velocities; but they also delivery the interceptor to the or-
bital altitude with a higher geocentric velocity, thereby decreasing
the relative velociity of intercept and easing the task of the terminal-
propulsion power plant. Conversely, earlier launches tend to place a
heavier burden on the terminal-propulsion device. All these factors

must be carefully considered in a decision on delay requirements.,
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V. COAST PHASE

When the orbital altitude of the satellite is low, no coast phase
is required; the interceptor proceeds along a powered trajectory all
the way into orbit., But in purely impulsive rendezvous maneuvers to
orbits of higher altitudes, the interceptor follows the coasting arc
until satellite position coordinates are matched. In actuality, the
finite time interval needed for thrusting in order to bring the vehi-
cle up to erbital speed makes it necessary to locate the terminal point
of the coasting arc—-the so-called aim point~-slightly above and ahead
of the satellite position. The exact location of the aim point varies
frem ene case to the other, depending on the specific rendezvous guid-
ance law employed for each missien and on the characteristics of the
eggine.

Many of the remdezvous guidance laws proposed in the past have
been based on variations and adaptations of the proportional naviga-
tion law that was first introduced as a steering program for intercep-~
tor missiles. This law calls for a thrusting program aimed at cancel-
ing the angular velocity of the line of sight (LOS) or relative range
vector from the satellite to the interceptor, thus insuring that the
approach path will lead to a collision. This condition is fulfilled
when the velocity components of the satellite and vehicle normal to
the LOS are equal in magnitude and pointing in the same direction.

The relative velocity between the two bodies will then be oriented
along the LOS, and this will result in an eventual collision. An ap-
propriate braking program which controls the range rate would have to
be employed so as to reduce gradually the closing velocity to zero be-
tween the two bodies. As soon as the terminal guidance command takes
over and controls the approach, a nonrotating observer located on board
the satellite would see the path of the interceptor as a straight line.
This is shown in the first sketch on page 20.

When proportional navigation is used, the coast path selected
must be such as to avoid large values of @ os (angular velocity of
the 10S) at the aim point, the cancellation of which would necessitate

2
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Yo Nonrotating frame x, ,Y¥

» Qo

Satéllite t=t

t=0

the use of power plants with large initial thrust-to-mass ratios. One
possible aim point which assures a "'LOS = 0 at the start of rendezvous

is shown below in geocentric coordinates.

Satellite Interceptor

For the abeve starting conditien, neither vehicle possesses a velocity
component normal to the LOS,
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VI, PARKING ORBITS

The use of intermediate parking orbits is sometimes necessary if
delay times anticipated during launching are longer than the ones per-
missible for ground takeoffs, or if available velocity capabilities
are inadequate to cope with an unfavorable launch configuration. Some
of the delays incurred might also give rise to acceleration load fac-
tors in a direct ascent path which may exceed those considered safe
for manned vehicles. If the launching cannot easily be postponed to
another day, the use of intermediate parking orbits becomes necessary.

While a general comparison of the use of parking orbits as op-
posed to direct ascents for the complete spectrum of all the variables
involved is not available at the present time, specific comparisons
based on various simplifying assumptions have been made by some authors.
The region of applicability of these results and the conclusions which
can be drawn are of necessity rather limited. Carstens and Edelbaum(l’)
have taken a quick look at the problem by comparing their optimum two-
impulse transfer trajectories mentioned earlier with three-impulse in-
direct transfers. The indirect transfers involved entry into a circu-
lar orbit at essentially the original launch radius, followed by the
inclined Hohmann transfers of Ref, 5 to the destination orbit. The
results are shown in Fig. 14. From this figure one gathers that ex-
cept for low-inclination angles B and high orbital-radii ratios, the
direct~-ascent velocity requirements are lower than the corresponding
three-impulse requirements. It should be noted that in the present
three-impulse transfer a circular parking orbit located near the earth's

surface was arbitrarily chosen.

" —_—
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VII, TERMINAL RENDEZVOUS PHASE

ADM POINT

The terminal portion of the rendezvous maneuver is generally de-
fined as that phase in which the vehicle is close to the orbital alti-
tude of the satellite at the start but separated anywhere from 50 to
100 mi. from it. The relative velocity between interceptor and satel=-
lite may be anywhere from 200 to 1000 ft/sec.

The starting point (or aim point) best suited to a given system
is preselected at launch. This point is rarely reached in actuality
because of the various errors and perturbations which accumulate in
the previous phases; it becomes the task of the guidance system to
compensate and correct for those deviations. The factor common to
most of the papers dealing with this portion of the flight path is the
attempt to select a suitable analytical expression for the thrust con-
trol that will insure an eventual soft contact with the satellite.
Ground-controlled transfer from the aim-point error envelope (the n-~
dimensional surface surrounding the nominal aim point) to the target
satellite, be it impulsive or otherwise, is not very realistic at the
ranges contemplated, because of the instrument inaccuracies in the meas-
urement of the differential corrections needed. Furthermore, such guid-
ance schemes require an accurate knowledge of the orbital elements of
the satellite, which might not always be available on short notice at
a given instant of time. Most guidance schemes therefore use relative=
range and range-rate information measured on board the interceptor.
This has the advantage that the exact orbit of the satellite does not
have to be known in order to perform the mission.

PO, ON GU E

As mentioned earlier, the scheme which has received the widest
attention is based on the proportional-navigation law, which can be
written quite generally in the form
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This equation states that the thrust program myst impart to the
relative~velocity vector V an angular velocity which is a preselected
multiple: of Wags the: angu]i.a::: velocity of the line of sight (I'.Osl.
This will cause the vector V to rotate towards the range vector R,
thereby forcing the vehicle onto a direct collisiom course. The Iead

angle L will be continuously reduced in the process.

v ='Vuf'cl

Interceptor

Vsinl
(4] =

LOS

In addition to Eq. (1) or some equivalent expression for the pro-
portional-navigation law, provision for a braking program must be made
in the guidance scheme to decrease the range rate, ¥V cos L, to some
very small value, or zero, at impact. One major disadvantage of the
proportional-navigational scheme is the high starting-thrust require-
ment and large throttling ratios needed if the inftfal value of U’ms
is not vanishingly small. Some of the examples show that throttling
requirements in excess of 100:1 are not uncommen.

O define a variable command acceleration ;com
by means of a proportienal-navigation law of the Form

Sears and Felleman

8 = SIIR[i+kﬁ]+Sz (@5 x B @)

The second term of Eq. (2) serves to nullify the angular rate of
the 10S, while the first term ensures that closing velocity R goes to
zero with decrease in range R; S1 and 82 are suitably chosen constant
system sensitivities,
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PFor the initial condition shown. in Fig. 15, flight path and time
variation of thrust acceleration ;;:om: are presented in Figs. 16 and I7.
In Fig. 17 it is observed that the thrust acceleration remains at a
constant: level after the first 40 sec have elapsed. This constant-ac-
celeration program is a censequence of the R-versus-R relationship
chosen for the first term of Eq. (2). Kidd and S‘ou'l'e(s) have shown
that once an intercept trajectory has been egtablished, the require~
ment that R be proportional to i.z during the braking phase implies a
constant-acceleration thrust program. Figure 17, which is typical of
proportional-navigation thrusting programs, conveys an idea of the se-
verity of the throttling requirements encountered.

Very large thrust variations are required in order to satisfy the
constraints imposed by the proportional-nmavigation scheme., Because
throttling ratios of this magnitude are not feasible with a single en-
gine, multiple engines with the attendant system complications might
be required to produce such throttling ratios.

The thrust reversals commanded by the present thrust program would
also prove to be rather wasteful in terms of fuel consumption. The
initial radial acceleration and subsequent deceleration indicated by
the @-curve is not an efficient process for accomplishing rendezvous.

In the analysis of noncoplanar transfers to elliptical satellite
orbits, investigators have found that the thrust variations called for
by the program were even larger than those shown above for the circu-
lar cases.

Harrison,(g) starting out with the initial conditions shown in
Fig. 18 and using a navigation law of the general form

aR(R,l'l) -
an(éIL)S)

where
ap = radial thrust acceleration

an = thrust acceleration normal to 10S
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Fig. 15— Initial conditions for terminal phase
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Fig.16 — Standard irajectory in satellite coordinate system
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805 ¥ 85 = O (zero angular rate of L0S)

comes up with the acceleration profiles shown in Fig. 19.

The thrust-reversal program imposed by this guidance law is parti-
cularly noticeable in the ap curve of the closing acceleration. The
low values of starting-thrust acceleration found in this study, as com-
pared with those obtained by Sears and Felleman, are due mainly to the
absence of any initial mLOS’

Many other guidance schemes have been proposed by other investi-
gators., Although they are based essentially on the principle of pro-~
portional navigation, these schemes introduce certain modifications
that permit the use of constant-magnitude-thrust power plants, burn-~
ing either continuously or intermittently. Lineberry and Foudriat, (10)
for example, looked at a scheme whereby the normal velocity components
are first cancelled by thrusting with a fixed magnitude in a direction
normal to the LOS and then reorienting the engine along the LOS to
decrease the range rate. The braking mode was performed at a constant
continuous~-thrust acceleration and required a slight amount of thrust
modulation (throttling) to compensate for mass variations and errors
in thrust aligmment. An on-off constant-thrust radial-braking program
was also proposed in Ref, 10. The switching points selected were the
potential breakout points of the trajectory in the R,i phase plane from
the region bounded by two constant radial~-acceleration curves,

A constant radial acceleration (actually deceleration) implies

that
R = a = constant )
Two integrations give
i = at + l.(o ()
- L2,
R 7 at” +Rt+R (6)
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Eliminating time between Eqs. (5) and (6) leads to the acceleration

expression

a = o €);

"Switching” curves are obtained by plotting R versus R for two
values of a, i.e., a = a; and a = a, (al > az). Thrust is switched
on whenever the phase plame trajectory reaches the a; curve and is shut
off when the a, curve is touched. The number of switchings is inverse-
ly related to the spread between ay and a,. At the upper end, a; is
limited by the value of T/mo, the initial acceleration available. Too
narrow a range between a; and a, will result in larger velocity ex-
penditures because of the excessive number of times the power plants
will have to be switched off and on, whereas too wide a gap could jeop-
ardize the attaimment of the desired final conditions, because the con-
trol available would be too coarse.

Two cases of range control employing this method are shown in
Fig. 20.

The coupling that exists between the radial and normal components
of the vehicle's relative equations of motion and any residual normal
velocities left over from the normal thrusting mode would lead to grad-
uval increases in W os that would also have to be cancelled during the
braking mode. It has been suggested that this be accemplished by ocff-
setting slightly the thrust orientation from the radial direction dur-
ing the final braking phase.

(1)

one pointing in the normal direction, the other, in the radial direc-

Another paper, by Steffan, employs two constant-thrust engines,
tion. An on~off switching logic is programmed separately for each en-
gine, which handles only the velocity component along its own channel.
The existing cross-coupling effects between the two directions are alsec
considered insofar as they affect the parameters of the radial thrust-
ing mode.

The thrust program for the present case is relatively straight-
forward. The angular velocity W o is kept within a deadband region

‘w...;_
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“"‘m‘sr to. “’i;os‘z by the normzl thrusting program, as shown in Fig.. Z1..
Coast time t:c; between successive normal correction periods must be kept
above & certain minimm value to permit the instruments to complete
position and rate measurements in the interval between thie thrusting:
cycles.. This instrumentation Timitation in turn causes the inftial
time to closest approach T (defined by the ratio T = r/r) to be bounded
from below.. Au upper bound om 7 is chosen from such considerations

#g. total rendezvous time and time required for inmstrumentation to set-
tle after an acceleration input, The range of 30 sec < v < 50 gec
chogsen by Steffan led to the radial phase plane trajectory showm. im
Fig.. 2Z.

The proportional navigation schemes discussed so far #ll started
by first defining a thrusting program and then computing the resultant
vehicle trajectory by integration of the differential equations of the
powered motion.. An inverse approach was proposed by CicaIanii.-(Iz)’
Starting out with the kinematical relations for velocity and acceler—
ation, Cicolani selected a suitable,. monotonically decreasing time
function for the lead angle L which decreased to zero at the same time
that R and R approached that value.. The powered-flight trajectory thus
artificially generated led to a soft contact between satellite and ve-—
hicle. The merit of such an approach Iies primarily im the fact: that
no. integration of complicated nonlinear differentizl equations of mo~
tion is necessary because the flight path is known from the very be—
ginning: through the chosen time-dependence of the path coordinztes..
The differential equations are used only as algebraic relations which
provide us with a time expression for the thrust acceleration needed
to fly the selected trajectory..

While this approach differed conceptually from the previous ones,,
it did not lead to significantly different or more convenient thrust
requirements. This approach also required the use of thrust-reversal
and throttling programs similar to those found by the approaches de~
scribed earlier..

. [
e e e e o e e e e vt 28 K




3z

w !
Lasi

@I»_(IS
w;l_asz=wr—osa (next cycle) ) '
(B t. -l
Fig. 2l— Approximate behavior
of line—af—sight angular rafe
-150
-100 | v
Fi H
< k)
= [ }
T s , 4
//" f
i 8
71’; [ [
‘ " | [
o ' 1 |
r 2 3 4 5

r (thousands of £1)

Fig. 22— Radial-phase plane




33 :

It was stated earlier that ground-controlled Keplerian transfers
were not feasible Pecause of instrument Iimitations in discerning the
differentfal corrections needed at the ranges considered. g

The many advantages inherent in the fmpulsive schemes of orbital
transfer and the extensive familfarfty and experience gained in their
application prompted some investigators to search for possible ways to
adapt them to the problem of orbital rendezvous. In an early paper,
Clohessy and W’i]ltsﬁire(w)} demonstrated that impulsive-thrusting schemes
can also be applied to rendezvous maneuvers, provided the equations
of motion of the interceptor set up in a satellite-centered coordinate
system are suitably Iinearized so that a closed-form solution to them
can be obtained. Their scheme is most useful if the satellite orbit
is circular, although extensions to elliptical satellite orbits have
also been made available since then.

Viewed in the satellite-attached coordinate system shown in the
sketch bzlow, the exact equations of motion of the interceptor are
given by

T
_x'_§£= = . _
= 3 x - 2wy mzx
r
Gy + ) ) . 2
T/m-—~—Fp—— = § +20x -0°(y+1r) (8)
¥ r3 o
6z . ,
Tz/n- 3 z
T

where

Tx’ry’rz = components of thrust vector

|
g
1
|
i
!
;
!
X E
i
1
i

G = gravity constant

r, = radius of circular satellite orbit

v o e e s s
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For owered. flight in the vicinity of the satellite (i.e..,
: xtz + yz‘ + z2 < 200 mi), Egs. (8) can be linearized, resulting in the

relations

F-209 = 0
y + 208 - 3%y = 0 ©

z + 0)»221 = 0

System (9) has a closed-form solution given by

2%, 27, .
x = 2 (—w— - 3y-° ) sin Wt - 7= cos Wt + cﬁwyd - 3x°)t: + const
2;:0 '30 2:':0‘
y = (-w— - 3y° ) cos Wt + o= sin Wt -I-( 4y'° - T) (10)

z
z = z coswt-l--gsinmt
o ']
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Equations (10) indicate that the motion in the z directiom is
periodic, IE GO)ya - 3‘:?:(I = (I, thenx the interceptor will meve in an

San A e e

elliptical orbit contained in the xy plane around the center of caordi-
nates, while if 60y - 35:‘6 # 0,, the elliptical motion now occurs around
& center translating with uniform velocity, &Dya - 3:20, in the x di- ‘
rection.. The path thus generated would be & cycloid. If intercept

is desired ta occur at time t = T, gay, the velocity components needed
at £ = 0 cax be found from Egqs. (I0) by solving for the quantities ;:0,

[
r y Z
Yor Z~

The: required starting velocities are

. x sin“*r*ya”ﬁwrsin(ﬂ-r*ﬂé(ll-cosu’r)}l
x = — :
o s
2x (L -~ cos wy) + vy llﬁsfmw-:lﬂhrcos@r!
> [+3 [+
Y, = A (11)

A = 3wy gin Wr ~ 8(L - cos Wr)

The rendezvous velocity components obtaincd above are only approximate,
because they were obtained from the solutfon of a Iinearized system
of equations and will consequently cause the vehicle to miss the tar-

get by some small distance. The accuracy of the approximation improves
If one decreases the required time to go until intercept occurs. The i
actual relative velocity components of the vehicle, as determined from ﬁ
measurements carried out on board, have to be compared at frequent in-
tervals with those demanded by a guidance scheme based on Eqs. (11);
the necessary small impulsive velocity corrections are applied until

impact is achieved. The terminal approach velocity also has to be can- 1
celled impulsively.

EEE N
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Some mumerical values for a specific rendezveous mission based on

the above guidance scheme are presented in a paper by Soule.(]") For

the numerical example, he chose to consider a rendezveus with a satel-
lite in an elliptical orbit of eccentricity e = 0.01, and semimajor

axis a = 3592 n mi. Rendezvous was required to occur after 270 deg

of satellite travel, and velocity corrections were spaced every 10 deg
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of satellite travel. No relative motion was assumed to exist between
satellfte and interceptor at the start of the maneuver. The intercep-
tor path is shown in Fig. 23 in a satellite-centered rotating coordi-
nate system. The coordinate system was chosen such that at t = 0, the
x-axfs passed through the interceptor.

The necessary velocity impulses are marked off at the appropriate
points. A velocity expenditure of 452 ft/sec was required to perform
the rendezvous.

In assessing the efficiency and domain of applicability of the
present guidance scheme, it should be remembered that in essence the
simplifications obtained from the linearization of the equations of
motion were bought at the expense of introducing distortiens into the
gravitational force field through which the two vehicles move. The
assumed gravitational field is unidirectional and decreases linearly
with increase in altitude. The extent of the position and velocity
errors introduced by this hypothetical gravity field will depend on
the Iength of time during which the two bodies are exposed to it. The
linearized approximation becomes progressively worse as the time of
flight r increases, and this leads to increasing errors in the guidance
velocities computed.

The domain of applicability of this approximation is the subject

(15) who employed the same

of a recent study by Eggleston and Dunning,
guidance law but spaced their impulsive-velocity corrections in accord-
ance with the geometric range progression Ro/2" (n=0,1,2,..). Two
of the conclusions of this study follow.

1. If the central range angle ®r traversed by the satellite un-
til rendezvous is smaller than 90 deg, the errors introduced by the
linearization of the equations are relatively small. The approximate
guidance equations lead to increasing errors in the in-plane velocity-
component requirements when the angle ¥t increases beyond 90 deg. This
is demonstrated in Fig. 24 for the case in which the satellite and inter-
ceptor are moving initially in coplanar orbits. The solid lines show
the time variation of the actual velocity cemponents when the vehicle
follows an exact intercept trajectory. The dashed curves show the ve=-

locity compenents required by the approximate guidance scheme. It is
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seen that even if the vehicle would start out initially on the correct
intercept trajectory, the guidance scheme would still demand a serfes
of unnecessary velocity corrections before intercept could accur.

2. Errors in the time of booster burnout up to 5 sec do not ma=-
tertally affect the required velocifty corrections. This result is due
ta the present method of guidance, which does not depend as much on
the: specified time to rendezvous as it does on thé instantaneous rela-
tive-position and velocity conditfons at the instant a velocity cor-—
rection is called for.
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IX. LINE-OF-STIGHT ORTENTATION DURING INTERCEPT MANEUVERS

A factor common to all the nonimpulsive rendezvous guidance laws
that have been discussed so far is the requirement of cancelling the
angular rate of the LOS, thereby forcing the vehicle onto a collision
course with the target.

The impulsive guidance schemes discussed earlier are not concerned
explicitly with the rotational behavior of the LOS during the termi-
nal phase, since they accomplish intercept by the application of dis-
crete velocity corrections. Whether the above velocity increments are
indeed of such a magnitude as to bring about a stabilization of the
EOS is not readily apparent.

It is clear that if the requirement that wI.OS vanish is a suffi-
cient but not a necessary condition for intercept, imposing it would
result in an increase in the characteristic velocity expended by the
interceptor over that which would have to be expended by using the same
power plant but a more efficient guidance scheme.

The question of the necessity of the condition wms - 0 is quickly
settled with the aid of Figs. 25 and 26, which present three arbitrary
trajectories that result in an intercept, and the corresponding behav-
ior of “'IDS‘ It is seen that except for the instant of colinear clo-
sure in the case of the Hohmann-transfer case, no restriction on the
size of “‘LOS or uniformity in its time variation is evident from the
Figs. 25 and 26.

It would thus appear that the use of a guidance scheme based on
proportional navigation tends to place excessive and unnecessary de-
mands on the flexibility required of the rendezvous power plant and
in all likelihood will increase the velocity expended. This conclusion

has been borne out by the work of some other investigators.
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The large thrust variations necessary for the cancellation of
Wogr aS well as the large power plants needed to implement the impul~-
sive guidance schemes, have prompted some fnvestigators to search fur-
ther for ways to accomplish rendezvous more efficiently and with Iower
and more realistic thrust requirements. An interesting scheme, based
essentially on the impulsive guidance scheme of Clohessy and Wiltshire,
was proposed. in a recent paper by Shapi‘ro.(tﬁ)} The proposed modifica-—
tions result in a rendezvous that avoids the velocity pemalties associ-
ated with previous finite-magnitude-thrust guidance schemes based on
the: unnecessary stabilization of the 1OS.

Briefly, the attenuated intercept guidance scheme proposed by
Shapiro works as follows:

Thrust is activated and suitably vectored until the actual meas-
ured velocity components of the interceptor, x and y, are made to fall
within a certain deadband region around the desired intercept veloci-
ties :'cD and :}D obtained from Eqs. (11) for an intercept assumed to oc-
cur T sec later (the velocity components ;:D and iD used by Shapiro
correspond to :'co and 3"0 in the previous notation). Thrust is activated

and shut down any time the velocity error Va, given by

, Y’
v = G-+ G- 3pf] (12)

is about to pass out of the deadband region Va - Vd

Vy<Vg<V, (13)

where
Va = vyelocity for thrust activation

v a = velocity for thrust deactivation

Ko,
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The instantaneous direction of thrusting chosen by Shapiro, as
seen in an x versus 5; coordinate plane was from point :’é,fr" to point
;}DI}D . Introducing no other corrections, and neglecting the errors
due to linearization, intercept (i.e., a hard rendezvous) would occur
at the end of the prescribed time period 7. A suitable stretching
constant k < I/2 is now introduced into Eqs. (11) by substituting the
expression T -~ kt for previous time 7. The guidance system continu-
ously compares the measured vehicle velocities with the variable de=-
sired velocities of Eqs. (1l), initiating and termimating thrust in
accordance with the constraint condition of Eq. (13) while flight time
t increases monotonically from 0.

When a value of t = 7/k is reached, the above thrusting scheme
brings about a soft intercept (zero closing speed). The parameters T
and k are amenable to optimization although this was not attempted in
Ref. 16, where a v of one-half the satellite orbital period and a
k = 1/2 were arbitrarily chosen for the majority of examples computed.
Shapiro also investigated the performance of 50 per cent and 100 per
cent variable-thrust power plants, concluding that the gains possible
were not sufficiently large to offset the additional complexities in*
troduced into the system.

The velocity expenditures AV to rendezvous, plotted against ini-
tial target true anomaly eTo s are shown in Fig. 27 for an elliptical
target orbit of e = 0.1 and a = 5000 mi. Relative conditions at de-
parture are indicated in the figure. The curves for variable throt-
tling are also presented. 1In all cases a maximum value of 0.0lg was
chosen for the thrust acceleration.

The thrusting program that results from the use of a constant-
magnitude stretching factor places a lower bound on the least permis-
sible acceleration level which allows rendezvous to be accomplished
for a given initial condition. To circumvent this restriction, Shapiro
also suggests a modification to his program, based on a k-switching
technigue which could be used to accomplish a rendezvous irrespective
of the thrust magnitude available. He suggesté starting the thrusting

0 (i.e., infinite time to rendezvous) and then

program with a k

switching to a k

st s

1/2 as soon as the velocity error V6 has been brought
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into the deadband region V& - V&.-. He: compared. his results with the
equivalent results obtained from an application of the proportional
navigation scheme and found that the latter scheme consumed character-

istic velocities that were an order of magnitude larger than the values
obtained by the above scheme. The data for any actual comparison, how-

ever, were not presented in the paper..
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XTI, CONCLUDING REMARKS

It the preceding pages some aspects. of the problem of orbital
rendezvous. have: been examined..

A review of the available unclassified literature discloged that
the: research of the various investigators fell, by and Iarge, into two
more-or~less. distinct categories: In one, the gross impulsive motion
of the interceptor between the launch (or burnout) point and the moving~—
target point is gtudied; in the other;, attention is focused om # more:
thorough and detailed analysis of the powered~flight: maneuver during
the terminal portion of the mission.. In each category;, & mmber of
the more representative and informative papers published were singled
out for specific mention and discussion.. Those graphs and figures
which best helped tell the study were reproduced here.

Bagsed on the material presented,. a few concluding remarks cam be:
made..

The: two-impulse rendezvous maneuvers. have received thorough cow=
erage and are well-enough understood and documented that any numerical
information concerning trajectory shape, velocity expenditures, ILaunch
delays, frequency of intercepts,. etc., can be either read off existing
curves or easily generated..

No general, conclusive comparigons. of the relative merits of the
various terminal-guidance schemes seem to have been undertaken so far,
although some favorable comments concerning the relative advantages
of their own schemes are occasionally made by some of the investigators..
Some of the schemes discussed appear to make: excessively large demands
on the terminal power-plant unit in terms of throttling ratios required.

What seems to be lacking also is information concerning the: ef-
fect: of maximum thrust acceleration available: on the various parameters
of the rendezvous mission. In particular, it would be useful to get
a clearer understanding of the relationships and tradeoffs that exist
between such quantities as thrust acceleration, time to rendezvous,
velocity expenditure, and their combined effect on the initial kinematic
conditions which can be satisfied.
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